

· [( 35 marks]

· SUMMARY :

· Average gradient / speed
· Differentiate by First Principle

· Differentiate by means of the rules

· Applications : Tangents

· Curve Sketching

· Applications / Optimisation : Maxima and Minima

Average gradient / speed
Average gradient  =  
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              Average speed  =  
[image: image3.wmf]t

s

D

D

  =  
[image: image4.wmf]1

2

1

2

t

t

s

s

-

-


( You need 2 y-values and 2 x-values (2 ordered pairs) ( [ 
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    You need 2 s-values and 2 t-values (2 ordered pairs) ( [ 
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Examples
Find the average gradient on the curve of f(x) = x2 + x  between x = 1 and x = 2.

Solution :                    
                  f(x)  =  x2 + x



Ave. / Gem.  grad.   =   y2 – y1







                                      x2 – x1




         (y2) : f(2)  =  (2)2 + (2)

                          =  6

                                                                                                                    =   6 - 2







                                     2 – 1

         (y1) : f(1)  =  (1)2 + (1)




       

                          =  2                                                                                    =   4 (
Average speed   =  change in distance (s)  

                                 change in time (t)
Example :

The distance s (in meters) traveled by a body in a time t (seconds) is given : s = 4t2 + 1

Find : (a) how far the body has traveled after 2 seconds and after 3 seconds .

              Solution : After 2 seconds : s1 = 4t2 + 1

After 3 seconds : s2 = 4t2 + 1


                                                  =  4(2)2 + 1

                                = 4(3)2 + 1



                                      =  16 + 1


                    =  36 + 1




                          =  17m  (



        =  37m  (
           (b) the average speed between t1 = 2 and t2 = 3

                Solution :                     Average speed   =  s2 – s1
                                                                                                                             t2 – t1





                               =   37 – 17





                                     3 – 2





                               =  20 m/s  (
(c) the average speed between times t1 = 2 and t2 = 2 + h

Solution :                     s1 = 4t2 + 1



s2 = 4t2 + 1



                     = 4(2)2 + 1

                = 4(2 + h)2 + 1

                                        = 4(4) + 1                                       = 4(4 + 4h + h2) + 1

                                        = 16 + 1



    = 16 + 16h + 4h2 + 1

                                        =  17  (


                =  4h2 + 16h + 17  (
                                Average speed    =    s2 – s1
                                                                                                     t2 – t1



                                         =    4h2 + 16h + 17 – 17

                                                                          2 + h – 2

                                                            =    4h2 + 16h
                                                                         h

                                                           =    h(4h + 16)
                                                                        h

                                                                           =    4h + 16 m/s  (
Differentiate by First Principle

If f(x)  then First Principle  (  f ’(x)    =  
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  [given on formula sheet]

( f(x) is given  (  determine f(x + h)  and then substitute into the formula.

Examples :

1. f(x)  =  x2

2.   f(x)  =  2x + 1

f(x+h)  =  (x+h)2
      f(x+h)  =  2(x+h) + 1

            =  x2 + 2xh + h2
                  =  2x + 2h + 1

f ’ (x)   =     lim       f(x+h) – f(x)
      f ’ (x)   =       lim       f(x+h) – f(x)

                  h ( 0             h


       h ( 0             h

            =     lim        (x2+2xh+h2) – (x2)

      =       lim       (2x+2h+1) – (2x+1)

                 h ( 0                  h

             h ( 0                   h



            =    lim       x2+2xh+h2 – x2


=      lim        2x+2h+1 – 2x-1

                 h ( 0                h
                         h ( 0                h


            =    lim        2xh + h2

      =      lim        2h

                 h ( 0           h

             h ( 0      h


            =    lim        h(2x + h)


     
                h ( 0             h

      =    2  (      


            =    lim        2x + h


                      

                h ( 0             

                        =   2x + 0

            =   2x (
Differentiate by means of the rules

( Derivative of a constant = 0.   If f(x) = 5, then f ’(x) = 0

( Rule :  If f(x) = xn   then   f ’(x)  =  n.xn – 1

( The following represents to differentiate :  f’(x) ; d(x) ; 
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Applications : Tangents

( Gradient of tangent = derivative of given graph

( For equation of tangent you need : 1. gradient






 2. point (x1 ; y1)

( Substitute (1) and (2) into formula for equation of a line.[y – y1  =  m(x – x1)]

Example :

1. Find the equation of the tangent to the parabola y = x2 at the point (1 ; 1).

Solution :

1. Let f(x) = x2 , then the gradient to f at x = 1 is :    


                           f(x) = x2   

( gradient = 2   ;   point = (1 ; 1)     



                      (f ’(x) = 2x                              ( equation of tangent   (   y – y1 = m (x – x1)

     at x = 1 : gradient = 2(1)                                                                          y – 1  =  2 (x – 1)

                                  = 2(                                                                                 y  =  2x – 2 + 1

                                                                                                                            y  =  2x – 1 (   

2. Determine the equation of the tangent to  y = -x2 + 2x + 3  at  x = 2.

Solution :

f(x) = -x2 + 2x + 3

( f ’(x)  =  -2x + 2

at         x = 2  :  m  =  f ’ (2)







       =  -2(2) + 2







       =  -2

                       x = 2    (  y = -(2)2 + 2(2) + 3

                                            =  3


(  point  =  (2 ; 3)

( equation of tangent    :   y – 3  =  -2(x – 2)




              y  =  -2x + 7  or  y + 2x – 7  (
Curve Sketching

THIRD DEGREE GRAPHS :  y  =  ax3 + bx2 + cx + d

1. If  a ( 0 (+)  :  (
If  a ( 0 (-)  :  (   

2. Determine the x – intercepts : (put y = 0) 
    Use the factor theorem and determine the x – values. [synthetic division]

3. Determine the y – intercept : (put x = 0)   :  y – intercept = d   

4. Determine the Turning Points :  
    x – value of turning point : determine f ’(x) of f(x) and solve x. (factorise)

    y – value of turning point : substitute x – values of f ( (x) into original equation given.

5. Put above information on the Cartesian plane. 

                            


            Y


                             maximum turning point             


                                  x1                                           x2    0                       x3       
X

                                                                          y – intercept 
                                                                           minimum turning point

EXAMPLE : 

Sketch the graph of  :  y  =  2x3  -  9x2  +  12x  -  4  (Show all your calculations)

SOLUTION :

1. a  ( 0 (+)  (    

2. x – intercepts :

   f(x) = 2x3  -  9x2  +  12x  -  4

   f(2) = 2(2)3 – 9(2)2 + 12(2) – 4

          = 16 – 36 + 24 – 4

          = 0     (   (x – 2) is a factor  


           [Synthetic division]

f(x)  =  2x3  -  9x2  +  12x  -  4


OR                     2    2     -9     12     -4

        =  ( x – 2 ) ( 2x2 – 5x + 2)  

                      - 4x2
 4    -10      4     




                      - 5x2                                                                                                                     2    -5       2      0

       =  (x – 2)(2x – 1)(x – 2)                                             = (x –2) (2x2 – 5x + 2)

   x  =  2  or  x  =  1/2   or  x   =  2


      = (x – 2)(2x – 1)(x – 2)

3. y – intercept :

     y  =  -4

4. Turning Points :

    f(x)     =  2x3 – 9x2 + 12x – 4

    f ( (x)  =  6x2 – 18x + 12

          0   =  6(x2 – 3x + 2)

               =  (x – 2)(x – 1)

           x  =  2   or   x = 1

         for    x = 2





      for  x = 1

                 y = 2(2)3 – 9(2)2 + 12(2) – 4                                              y  = 2(1)3 – 9(1)2 + 12(1) - 4

                    = 16 - 36 + 24 -4


                                        =  2 – 9 + 12 - 4

                    =  0 





                =  1

  Turning Points :  (2 ; 0)  ;  (1 ; 1)



 Y


 (1 ; 1)

                                                0
X

                                                       1/2                                (2 ; 0)                                            

                                            -4

                                                        y = 2x3 + 3x2 – 12x –4

MAXIMA AND MINIMA  
FORMULAE :

1.  SQUARE:             


1.  Circumference / Perimeter  =  4 X side

             side (s)


                
2.  Area  =  side X side

                                    side (s)

2.  RECTANGLE :



     length (l)
1. Circumference / Perimeter  =  2 l  +  2 b

      breadth (b)                y                             
      



               2.          2.   Area   =  l  X  b   


3.  RIGHT – ANGLED TRIANGLE :


                                                                          1.  Circumference / Perimeter  =  3  X  side


side               

       height (h)                                                    2.  Area   =  1/2  b X  h

                               base (b)

4. CIRCLE :


                                   radius (r)
      1.  Circumference / Perimeter  =  2 ( r

2. Area  =  ( r 2   

CYLINDERS :

1. CUBICAL :



          1.  Volume  =  x2  X  h

                                              height (h)             2.  Total surface area  =  4 xh + 2 x2

                                                side (x)

                     side (x)

            2. RECTANGULAR :


                                                                                      1.  Volume  =  l  X  b  X  h

                                                         height (h)
2.  Total surface area  =  2 (lh + bh + lb)

                                                           breadth (b)

                          length (l)
3. CAN  :
                               radius (r)


1. Volume  =  Area of base  X  height
                                                                                               =  ( r2  X  h


height (h)

                                                                          2.  Total surface area  =  2 ( r (r + h)

EXAMPLE :


                                                                                                     x/3 

                                                                                                 3x

90 -  x


1. Determine the volume in terms of x .

                Volume  =   l  X  b  X  h

                               =  (90 – x)   X   (3x)   X  (x/3)

                               =   90x2  -  x3  (
             2. Determine x if the volume is a maximum .

                 Volume (v)  =   90x2  -  x3
                          dv/dx       =  180x  -  3x2
                 180x  -  3x2  =  0

                 3x (60  -  x)  =  0

                                  x  =  0     or     x  =  60  (
             3. Determine the maximum value .

                 Put  x  =  60  into  volume  
                            =  90x2  -  60x3  
                  =  90(60)2  -  (60)3
                  =  108 000 cubic units (
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